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ABSTRACT 

To provide tabulations of thermodynamic properties for 

advanced cryogenic systems design, GEL-NBS has undertaken a r e -  

evaluation of the pertinent experimental data. Tables and graphs of 

properties, as well as analytic functions for computer programming, 

a r e  now available for several  of the cryogenic fluids. These tabula- 

tions are intended to provide the engineer with comprehensive and 

consistent sets of data which a r e  hopefully the best representation of 

the existing experimental data. 

These compilations have also served to define the limitations 

of the existing data and to define the needs for new measurements. 

This paper summarizes the experimental data for the several  cryo- 

genic fluids and outlines some of the procedures utilized in providing 

the various sets  of thermodynamic property values. h-"-rwb 
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R. B. Stewart and K. D. Timmerhaus" 
CEL National Bureau of Standards 

Boulder, Colorado 

INTRODUCTION 

The need for new tabulations of thermodynamic property data 

providing consistent values from cryogenic to ambient temperatures 

and extending to high pressures was recognized several  years  ago at 

CEL-NBS. As a consequence, a program was undertaken which has 

presently resulted in the publication of tables of properties for helium, 

normal hydrogen and nitrogen. 

This compilation of thermodynamic data from the literature 

has been continued and in a few months new publications with tabular 

values will be available for oxygen, argon, neon and carbon monoxide. 

These publications will indicate the experimental data considered, the 

compilation methods and the estimated accuracy of these tabulations. 

In yet another facet of this program, the experimental deter- 

mination of thermodynamic data has also been undertaken. This 

program was initiated to  measure the density, velocity of sound, 

viscosity, dielectric constant, thermal conductivity and constant 

volume specific heat of parahydrogen. As a result, new data on 

hydrogen are now available which have a high degree of precision and 

accuracy. 

publication. 

be extended to other cryogenic fluids. 

A paper summarizing this work has been submitted for 

The experimental program is still in progress and will 
WJ 

/3@7 --_- . 

It is  the purpose of this paper to review briefly the availability 

of cryogenic data for  several  fluids, to describe the evaluation and 

* Also w i t h  the University of Colorado 
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compilation programs at this laboratory that have produced new 

property tables for these fluids, and to indicate the needs for new 

measurements. 

methods for utilizing the computer for thermodynamic data analysis 

In describing the results of these compilation efforts, 

a r e  also suggested. && 

P-V-T AND SPECIFIC HEAT DATA USED IN GENERATING 

THERMODYNAMIC PROPERTY TABLES FOR CRYOGENIC FLUIDS 

In the design and analysis of systems in which the behavior of 

the fluid governs the physical parameters of that system, the accuracy 

to  which the thermodynamic properties of the fluid a re  known is  of 

paramount importance. 

on the accuracy of property data is therefore demanded from the user  

of this data. 

with mathematical tables and the uncertainty of these thermodynamic 

An understanding of the possible limitations 

Too often such tables a re  regarded as  being on a par 

values a r e  ignored in determining the probable variance between 

design predictions and the anticipated performance of a system*. 

A review of the thermodynamic relations for calculating 

entropy and enthalpy, a description of the experimental data needed 

for calculating these thermodynamic quantities and illustrations of 

the adequacy with which these tabular values define the properties at 

cryogenic temperatures is an appropriate beginning for this review; 

The "TdS equations", ( l) ,  (2) and (3) ,  express possible paths 

of integration which may be considered for entropy determinations 

from a specific datum state to  any arb i t ra ry  s ta te  in a P-V-T network. 

$&An excellent treatise which explores many facets of data evaluation 
is contained in an address by P. W. Bridgman [ 1 ] . 
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TdS = C dT t T (BP/BT) dV. (1) 
V V 

TdS = C dT - T (BV/BT) d P  
P P 

Thus, information required for the calculation of tables of 

entropy include P-V-T data, either the derivative, (8P/aT)v o r  the 

derivative, (aV/8T)p, and appropriate specific heat data. It should 

be noted in particular that the isothermal derivative, (aP/aV),  is 

not used in these property calculations, although P-V-T measurements 

are made along isotherms. 

by the relation, 

Values of enthalpy may then be calculated 

dH = TdS t VdP (4) 

With few exceptions, thermodynamic property tabulations a r e  cal- 

culated from P-V-T measurements and from zero pressure  specific 

heat values derived from spectroscopic measurements. It should be 

noted that the zero pressure (or ideal gas) specific heat values, C , 
are generally known with an uncertainty of less than 3 parts in 10, 000 

whereas the random deviations of the P-V-T data indicate uncertainties 

on the order of 2 to 5 parts in 1000. The phase boundaries involve a 

further complication and consequently must be defined by additional 

experimental data. As a minimum requirement, measurements of 

the vapor pressure a re  sufficient for the calculation of thermodynamic 

property differences due t o  a phase change. 

Clapeyron equation, which may be expressed as, 

0 

P 

This is indicated by the 
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where the prime notations a re  used to represent properties of different 

phases at the same temperature. The specific volumes at the satura- 

tion boundaries a r e  then predicted by the P-V-T data of the adjoining 

phase and the vapor pressure.  

ments involved in adequately defining the two phase boundaries a r e  

such however, that it is necessary that other measurements such as 

specific heats at constant saturation for the liquid, latent heats and 

the saturation densities for both phases a r e  also needed. 

The accuracy of the physical measure- 

Other relations which should be reviewed a r e  the equations 

relating changes in specific heats along the P-V-T network. 

relations, 

These 

( 6 )  
2 2 

V 
(acV/av), = T (a P / ~ T  ) 

illustrate that the variations of the specific heats a r e  functions of the 

second derivatives of the P-V-T surface. Thus, to compare P-V-T 

values for consistency with measured values of the specific heats 

requires extreme precision and accuracy even by present standards. 

Unfortunately, users  of thermodynamic tables a r e  often obliged to 

determine C and C 

tions. 

sideration of the uncertainties which a re  involved. 

dynamic relations which involve data that can be measured directly, 

such as velocity of sound and Joule-Thompson data, provide additional 

means of compiling thermodynamic tables and comparing the accuracies 

of these measurements. 

variations from the entropy or  enthalpy tabula- P V 

This is a procedure which should be done only with due con- 

Other thermo- 

The P-V-T data that have been measured for the cryogenic 

fluids a r e  summarized below. This discussion is limited to the fluid 

4 



state and temperatures above the triple point of each fluid to  300°K. 

The data sources may be obtained from the bibliographies of the 

references cited. 

1. Helium [ 2,3] 

have been published for values below 20"K, very few new 

measurements have been reported in the temperature range 

20" to 300°K in the past 35 years.  All of the published helium 

data from 20" to 100°K a re  for pressures  below 100 atm while 

all data below 20°K a r e  limited to  140 atm. 

particularly at temperatures above 20°K and at higher pressures  

are needed. The many uses of helium over the entire tempera- 

ture  spectrum, and extending to very high pressures  indicate 

a growing need for additional measurements. 

Although a considerable amount of new data -- 

More precise data, 

2. Normal Hydrogen [ 4,5] The information on the properties 

of hydrogen a re  probably sufficient for present needs. 

ments for the liquid and  for gaseous hydrogen to room tempera- 

tu re  with pressures to 200 atm became available from the Ohio 

State University Laboratory about ten years ago. 

ments from the van der W a a l s  Laboratory in Amsterdam were 

published in 1959 for temperatures from -175" to 150°C. 

addition, recent measurements for parahydrogen by CEL may 

be used to calculate normal hydrogen data f rom the triple point 

to 100°K. At this time, however, no comprehensive evaluation 

and compilation of all of these data have been included in pub- 

lished tabulations of normal hydrogen properties. The refer-  

ences cited consider only the older data, most of which were 

measured over 30 years ago and a r e  not of the same order of 

precision and accuracy as some of the more recent data. 

Measure- 

New measure- 

In 
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3. Parahydrogen [ 6,7,8,9]  Recent measurements should be 

adequate for the range from the triple point to 100°K with 

pressures to 340 atm. 

primarily on normal hydrogen should be reevaluated and the 

newer data for normal hydrogen, indicated previously, 

cluded in a new calculation of the higher temperature values. 

The data above 100"K, which is based 

in- 

4. Neon [ 10,11,12] 

fined to temperatures above 55°K and pressures  between 20 

and 90 atm and to some saturation data. 

data suggest an experimental reevaluation for this range is 

desirable. Property values have been calculated using this 

existing data with suitable theoretical considerations for values 

down to 25°K with pressures  to 200 atm; however, these values 

should be regarded only a s  interim data until new measurements 

can be made in a comprehensive experimental program. 

The data for low temperature neon is con- 

Uncertainties in this 

5. 

porting experimental data for nitrogen, the existing data a r e  

not at closely spaced temperatures intervals, and in particular 

there a r e  few data points for tke liquid at high pressures .  

Nevertheless, the data do cover a range of temperatures from 

75" to 300°K with maximum pressures  of 3500 atm. Authori- 

tative compilations of property tables have been made; however, 

the importance of accurate data for nitrogen should be empha- 

sized. 

ing  nitrogen as  a working fluid, the nitrogen data have also 

served a s  a model f rom which thermodynamic data have been 

generated for oxygen, neon, carbon monoxide and many other 

fluids. 

Nitrogen [ 131 Although there have been several  papers re -  

In addition to the many applications and systems employ- 

6 
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f rom two independent sources has been a significant addition 

to  the information on oxygen. Previous to the publication of 

this liquid data, the only significant experimental data were 

for saturated liquid and fo r  gaseous oxygen, measured prior 

to 1925. The liquid data a re  still limited in pressure to 250 

atm, and the gaseous data to  about 60 atm. Oxygen properties 

have been deduced by corresponding states theory using nitro- 

gen as a model which has been demonstrated.to be fairly satis-  

factory. 

by as much as 0.770 in density values and although a consistent 

set  of values can be obtained by a somewhat arbi t rary evaluation, 

the uncertainty of this liquid data will remain at least 0. 770 
until new measurements a re  made. 

from the experimental data as well as from the reduced nitro- 

gen model can be regarded with some confidence, but as more 

precise property values become necessary, new measurements 

will definitely be needed. In view of some of the recent design 

considerations for oxygen pumps and tankage, data to  very high 

pressures  for the liquid as well as  above the cri t ical  tempera- 

ture  would be very useful. 

Oxygen [ 141 The recent publication of liquid oxygen data 

However, the new liquid data a r e  in disagreement 

The gaseous data compiled 

7. Carbon Monoxide [ 151 There a re  less experimental data 

for this fluid than any of the cryogenic fluids discussed. 

data a r e  limited t o  temperatures above 200°K and a few values 

at saturation. Property values have been calculated, however, 

using this existing data and the theory of corresponding states 

with nitrogen as a model for values down to 70°K with pressures  

to  300 atm. 

expressed by members of the cryogenic industry, however, 

These 

In view of the low interest in this fluid generally 
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these calculated values may be sufficient for some time. 

8. Argon [ 161 

perimental data for argon in the l i terature covering the entire 

temperatlire range for both liquid and vapor. 

a result, primarily of the interest of European physicists in a 

simple monatomic molecule and the relative unavailability of 

helium in Europe. A current program at CEL-NBS for eval- 

uating and compiling this data should provide a comprehensive 

tabulation of the properties of argon. 

this program to indicate any current needs for additional 

measurements. However, as a model for studying the behavior 

of fluids, the properties of argon should be given considerable 

attention. 

There appears to be a large quantity of ex- 

This is probably 

It is still too early in 

With the exception of the new data on parahydrogen, the defi- 

nition of the various P-V-T surfaces appears meager, and for neon and 

carbon monoxide these surfaces a r e  almost undefined. This is clearly 

demonstrated when a comparison of the experimental pressure and 

temperature data is made with the broad ranges of pressure and tem- 

perature for which thermodynamic properties have been tabulated. 

EVALUATION O F  THERMODYNAMIC DATA 

The ideal of any data evaluation is to determine, for a particu- 

lar parameter, the "correct" values. Where a vast amount of numeri- 

cal  mater ia l  is available and where many experimenters, using differ- 

ent and sometimes dissimilar equipment have contributed, this ideal 

may be approached. In the case under discussion, however, it is not 

often that data from different sources even exist in a similar a rea ,  

and in those instances where comparable data a r e  available, there  a r e  

8 
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generally few opportunities for what may seem to be a conclusive 

selection. 

probable excellence of measurements is a human undertaking and is 

thus limited to the best opinion of qualified experts. 

of evaluating the probable e r ro r s  and determining the probable nu- 

merical  values have been suggested. In most cases these methods 

involve the taking of weighted averages, with some scheme which 

considers not only the personal judgement of the evaluator, but even 

such factors as national prejudices. Averaging of the data t rea ts  all 

data values as being slightly in e r r o r  but assumes that all measure- 

ments tend to be distributed around the correct value. The selection 

of "best values", that is, the selection of a particular set  of data, is 

another approach which is sometimes justified but which remains a 

human enterprise subject to the same hazards a s  selection by weighted 

aver ages.  

Even under the best conditions, the assessing of the 

Various methods 

Another problem in the evaluation of data is the consideration 

of whether the parameter is capable of being precisely defined. The 

measurements considered here a re ,  of course, generally limited by 

the present status of instrumentation development. It has also been a 

historical  fact that as the accuracy of these physical measurements is 

increased that instead of attaining the correct  value of a property, new 

sources of variations appear. 

involve an element of theory and that the present status of this theory 

is another limitation in obtaining correct values. 

the ortho-para modifications of some liquids is an example of this. 

This implies that physical measurements 

The recognition of 

A few examples will hopefully serve to illustrate several  

techniques that have been employed in the evaluation of experimental 

data and the selection of "best values. 

from some of the work in the present CEL-NBS compilations of fluid 

These examples a r e  taken 

9 
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properties. 

data and the theoretical considerations of expected behavior based on 

studies of similar fluids 

Certainly the reputation of the various laboratories and particularly 

those of the individual experimenters can be implied as having had an 

effect on the selections. 

In these evaluations, the character of the experimental 

have primarily influenced the data selection. 

One of these current problems is the selection of P-V-T data 

for liquid oxygen. 

density data, by van Itterbeek and Verbeke [ 171 and by Timrot and 

Borisoglebskiy [ 181, have been shown to be in disagreement by as 

much as 0.7% in the temperature range common to both sets of data. 

On examination of a graph illustrating the Timrot data, however, it 

has been observed that only 7 of their measurements were made in 

the temperature interval (70" to 93°K) covered by van Itterbeek. 

remaining data by Timrot include 177 values in the temperature inter- 

val f rom 112" to 158°K. Timrot presents only a table of smoothed 

values so  that no evaluation can be made of the individual measure- 

ments. 

liquid density values below 110°K reported by Timrot have been ex- 

cluded; 

Itterbeek data from 56" to 90°K then appear to be conhistent. 

is no firm basis for eliminating Timrot 's  low temperature values other 

than the scarcity of their measurements in this range, 

ability of their raw data for comparison with their smoothed curve and 

the raw data of van Itterbeek, and the implication that their extrapola- 

tion to lower temperatures is in e r r o r  since it is not supported by van 

Itterbeek's measurements. 

Two recent independent publications of liquid 

The 

In the compilation now in progress at this laboratory the 

Timrot's data from 11 2" to 158°K together with the van 

There 

the unavail- 

1 0  



A comparison of these two independent sets  of data to values 

generated by application of the theory of corresponding states to  a 

nitrogen model was not instructive in confirming either set  of data, 

since the calculated values could not be made to  agree with either 

set within the percentage variation existing between the two. The 

data a r e  not sufficiently definitive for a more rigorous evaluation; 

however, with the elimination of Timrot ' s  data below 11 OOK, consis - 
tent property tables can be generated and ap indication of the probable 

uncertainty can be given to guide the user  in assessing the effect of 

this uncertainty in his calculations. 

arguments, this range of uncertainty should include all of the Timrot 

data. 

In the absence of more conclusive 

Another example is taken from the evaluation task for the 

density of neon. 

at low temperatures consist of two sets  of data; one set  is by Cromme- 

lin, Martinez, and Onnes [ 193 with data points from 55°K to ambient 

temperatures,  and the other set  is by Holborn and Otto [ 20,211 from 

65°K to ambient. 

the agreement may be considered as satisfactory. 

by Fig. 1 which compares the measured pressures  to calculated 

values. The coefficients for the equation of state used in this com- 

parison were derived with the van der Waal theory of corresponding 

states using argon data for a model. 

a r e  apparent between the argon and neon P-V-T surfaces, this does 

illustrate the general conformity between these two sets  of data. The 

55°K data, however, a r e  conspicuously different in character with the 

other isotherms. 

character of the P-V-T surface for neon. 

at 55°K above 40 atm has been concluded to  indicate that Crommelin's 

The experimentally determined P-V-T data for neon 

In the range of values measured by both laboratories, 

This is illustrated 

Even though systematic deviations 

The calculated values represent the predicted 

As a result, this variance 

11 
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measurements at this temperature have a systematic e r ro r  and should 

be disregarded in tabulating properties for neon. 

A final example of data selection is  taken from the task for the 

compilation of the properties of carbon monoxide. 

selection of the most probable vapor pressure,  the experimental data 

were illustrated as  in Fig. 2. 

[ 221 ar,d Hilsenrath [ 231 a r e  also included. The calculated values in 

this figure were obtained from an empirical equation with coefficients 

determined by a least squares f i t  of the data by Clayton and Giauque 

[ 241 , Michels' et al. [ 2 5 1 ,  and Crommelin et al. [ 2 6 1 .  

To aid in the 

Values from the correlations by Leah 

This 

selection represents an average of these "selected data". 

of Clusius and Teske [ 271 appear to be in agreement with the calcu- 

lated values, but the precision of this data a s  indicated on Fig. 2 is 

such that it was not considered. The data by Verschoyle [ 281 differ 

by a constant factor from the data by Clayton and Giauque and Crom- 

melin e t  al. and were therefore not considered for the selected data. 

The Leah and the Hilsenrath tabular values a re  both essentially in 

agreement with Crommelin et al. whereas the CEL-NBS tabular 

values include the more recent data by Michels et  al. 

The data 

These examples a r e  somewhat illustrative of the decisions which 

confront the compiler. 

parisons and what may appear to be arbi t rary is based on many un- 

tangible factors a s  well as the ones expressed here. 

Much care has gone into the form of the com- 

TECHNIQUES FOR PREDICTING PROPERTY DATA 

One of the most powerful tools for predicting properties of a 

fluid is the theory of corresponding states, which relates the proper- 

t ies  of similar fluids by suitable reducing factors. For example, the 

P-V-T surfaces of similar fluids are, by this theory, assumed to be 



of similar shape. 

ponding states the critical point may be used to define the reducing 

parameters to scale the surface of one fluid to the dimension of 

another. Modifications of this principle, as suggested by Kamerlingh 

Onnes, have been used with some success to improve the correspondence 

particularly at low pressures.  In practice then, this theory may yield 

some useful approximations and many modifications have been report- 

ed in the literature which offer improvements in the correspondence 

of various fluid property surfaces. 

from Fig. 1 that the variation between the argon and neon surfaces is 

nearly constant from 5 5 "  (below 33 atm) to 170°K. One such modifi- 

cation has been applied [ 121 in predicting neon data by corresponding 

states theory to not only correct this displacement but also to reduce 

the systematic deviations between the neon and argon P-V-T surfaces. 

The use of molecular reducing parameters by deBoer [ 291 has given 

r i se  with some success to a host of correlations using this technique. 

The molecular theory has been found to be particularly useful f o r  

those low temperature fluids where quantum effects a r e  known to have 

influence. A paper presented in another session of this conference is 

a good example of an application of this theory to transport properties 

[ 301 and work is well underway at this laboratory using molecular 

parameters to compare the surface tension data and the saturation 

properties for  most of the cryogenic fluids. 

According to the van der W a a l  principle of corres-  

As an example, it is suggested 

More complex treatments which recognize the similarity of 

fluids and their PVT properties, for example, a r e  contained in the 

literature in papers reporting generalized equations of state which 

may be applied to various classes of fluids. 

tions ordinarily allow for the adjustment of the P-V-T surface by 

providing for the introduction of several  parameters.  

These generalized equa- 

An equation of 
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this type is the generalized equat-m reportel by Hirschfelder, Buehler, 

McGee and Sutton [ 311. This particular equation allows for departures 

f rom the principle of corresponding states by introducing two additional 

correlating parameters , the slope of the reduced vapor pressure curve 

at the cri t ical  point and the critical compressibility factor. This equa- 

tion is actually three separate functions for three different regions of 

application, including the liquid, high density fluid and low density gas 

regions. 

this laboratory is the Martin-Hou [ 321 equation of state. 

Another generalized equation of state that has been used at 

In addition to the generalized equation of state, there a r e  

several  multi-coefficient equations of state that a r e  reported in the 

literature and which have found extensive use in work of this nature 

in the past several  years. These equations, however, require a large 

amount of data in the range of interest for the determination of the 

coefficients. 

equation of this type and provides an excellent representation of the 

P-V-T surface in certain limited regions. Another more recent 

equation that is an improvement on the Beattie-Bridgeman is the 

Benedict- Webb-Rubin equation of state. 

an interesting equation for neon which may be represented by a simple 

summation. These equations , however, a r e  not generally valid at 

higher densities, which is  a rather severe restriction for many cryo- 

genic systems. 

high densities is a modification of the B- W-R equation with 16 adjust- 

able coefficients presented by Strobridge [ 131. 

equation of state which has been used extensively in the recent CEL- 

NBS compilations of the thermodynamic properties of helium, para- 

hydrogen, neon, nitrogen, oxygen, carbon monoxide, and argon. 

The Beattie- Bridgeman equation of state is a useful 

Yendall [ 331 has also used 

An equation which provides a better I l f i t ' l ,  even to 

It is  this latter 



This equation is 

2 4 2  3 
P = RTP -t (RNIT t N2 t N ~ / T  t N ~ / T  t N ~ / T  )p  t' (RN T t N+ 6 

7 
L. 4 3  2 3 

N8TP -t P (N9/T $. Nlo/T t N11/T4)e-N16 

2 5 2 
+ P (N12/T 4- N13/T3 t N14/T4)e-N16p t N15p6. 

The application at this laboratory of this equation to several  cryogenic 

fluids serves as  an example of the problems of a P-V-T representation 

' for thermodynamic data compilation. These applications a re  summar - 
ized as  follows: 

1. Helium [ 21 The helium data required minor modifications 

in (8). 

3" to 300°K for pressures to  100 atm, including both liquid and 

vapor phases. 

The result was a representation of the P-V-T data f rom 

An area  from 5" to 6 ° K  for pressures greater 

than the critical pressure,  however, could not be satisfactorily 

represented by this equation and graphical interpolations were 

required. 

2. 

program on the properties of parahydrogen at CEL-NBS more 

readily available, preliminary tables of thermodynamic prop- 

erties were issued as NBS Technical Note 130 [ 61 together 

with values from 100" to 300°K calculated from other sources. 

Parahydrogen [ 61 To make the results of the measurement 

In these preliminary calculations (8) was again used. However, 

it was necessary to use two sets  of coefficients, one set  for  the 

liquid data to 32°K and the other set for the remainder of the 

fluid surface, with the exception of the values between 32" a n d  

16 
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33°K at densities greater than the critical density. 

small  a r ea  not defined by the equations of state, the thermo- 

dynamic properties were smoothed with the adjacent areas  by 

utilizing differencing techniques and empirical relations. The 

thermodynamic properties have now been recalculated using 

P-V-T relations of greater precision [ 7 , 8 , 9 ] .  

In this 

3. 

gaseous neon are  limited to temperatures of 55°K and above. 

In addition there are  also some density data for the saturated 

liquid and for the saturated vapor as well as vapor pressure 

measurements. 

which includes the liquid range and pressures to 200 atm was 

accomplished by the utilization of corresponding states theory 

for predicting the vapor values, and the use of Hirschfelder's 

generalized equation [ 311 for predicting the liquid values. 

These calculated values, together with the experimental data 

were then represented by (8). 

Neon [ 101 As was noted ear l ier ,  the measured data for 

The generation of tabular data for neon to 25°K 

, 

4. Nitrogen [ 131 Equation (8) was specifically derived for 

the representation of the nitrogen P-V-T data and was later 

used for the other fluids. 

mately 500 data points for temperatures from 65" to 300°K with 

pressures to 300 atm, although the tabulated data a re  only 

listed to 200 atm. These same coefficients have also been 

used for the calculation of data to 3500 atm. 

with experimental data at these higher pressures indicates 

e r r o r s  of less than 1% in density. 

The equation was fitted to approxi- 

A comparison 
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5. Oxygen [ 141 

a preliminary report is now being prepared which includes 

tables of thermodynamic properties generated by (8). 

interest to  note that the f i rs t  approach to the representation of 

this P-V-T data was to determine a set  of coefficients for the 

new liquid data [ 17, 181 and a separate set  of coefficients for 

the vapor data. 

pletely unrealistic, an attempt was made to find a single set  

of coefficients which would represent both the liquid and the 

vapor data with the same accuracy as the separate equations. 

This attempt, however, was successful and the final coefficients 

for oxygen include both liquid and vapor data with an accuracy 

equivalent to the two separate determinations with one excep- 

tion. This exception is  that the equation is less accurate when 

extended more than 10°K below the normal boiling point for the 

liquid. Another equation of state is therefore used for the low 

temperature liquid values. 

properties was that the quantity and range of the experimental 

P-V-T data for the vapor is inadequate to sufficiently define 

this surface for fitting to (8) over the broad range of tempera- 

ture  and pressure t o  be covered. This vapor P-V-T surface 

was therefore first established from the nitrogen coefficients 

by use of the theory of corresponding states. 

of course, checked against the existing experimental data for 

oxygen. 

The work on oxygen is  still  in progress, although 

It is  of 

In a further study, which was assumed com- 

Another problem with the oxygen 

The results were, 

6 .  

bon monoxide has provided some interesting comparisons of 

several techniques for predicting P-V-T data. 

experimental data a r e  for temperatures above 200°K (1. 5 times 

Carbon Monoxide [ 151 The study of the properties of car -  

The available 



the critical) and for saturated liquid and saturated vapor. 

Density values were calculated with coefficients determined 

by the theory of corresponding states and also from Hirsch- 

felder's generalized equation of state [ 311. The results were 

then compared to the values predicted by Hilsenrath [ 231 and 

by Leah [ 221 in their respective data compilations in which 

each used still different calculation procedures, as well as 

with Keesom's P-H chart [ 341 which was determined by 

corresponding states theory using different reducing parameters. 

All the calculated values were also compared with the experi- 

mental data. 

predicted by these various methods were essentially consistent. 

Equation (8) was again selected in the CEL-NBS study for 

generating the thermodynamic properties. 

These comparisons demonstrated that the data 

7. Argon [ 161 
advanced as  the tasks for the other fluids. 

report is being prepared with tables of thermodynamic proper- 

ties. Equation (8) will be fitted to approximately 500 data 

points for temperatures from the triple point to 300°K with 

maximum pressures varying from 145 to 1000 atm, respec- 

tively. Preliminary comparisons between calculated and ex- 

perimental data indicate average deviations of about one-half 

those obtained from a similar comparison for the nitrogen data. 

The task of compiling argon data is not as 

A preliminary 

A word of caution in the use of (8) is necessary. It should be 

observed that the greatest uncertainties in P-V-T surfaces predicted 

by this equation a r e  in the critical region and along the crit ical  den- 

sity. This is emphasized by considering that an equation which will 

reproduce both liquid and vapor values will, in general, have the 



characteristics of the van der W a a l  equation, i. e . ,  a cubic equation 

in density in the two-phase region with two of the three rea l  roots 

vanishing at the critical point. 

applications, have more than one value of density along an isotherm 

above the critical point, but the slope of the calculated isotherm is 

generally flatter in the vicinity of the cri t ical  density than that of 

the r ea l  P-V-T surface. 

consequence of this defect in (8) have been kept small  enough so  that 

the first  derivatives (and hence the values of entropy, enthalpy and 

internal energy) remain within acceptable tolerances. However, the 

second derivatives (and hence the specific heats) cannot be calculated 

with sufficient accuracy . 

Equation (8) does not, in the preceding 

The density deviations that occur as a 

The above observations have been made primarily in the study 

Nevertheless, the utility of the new measurements for parahydrogen. 

of (8) has been clearly demonstrated in conjunction with the property 

calculations for parahydrogen. 

GEL-NBS, it is of considerable interest to note the results of a com- 

parison of the preliminary calculations for parahydrogen using (8) with 

subsequent more rigorous calculations. 

parahydrogen from 20" to 100°K and pressures t o  340 atm indicate an 

average absolute e r ro r  in entropy due to the variance between (8) and 

the r ea l  P - V - T  surface of 0. 3470 with maximum e r ro r s  of 370. (With 

the exception of the a rea  from 33"  to 42°K and pressures above 10 

atm, the entropy e r r o r s  do  not exceed 1%). The e r r o r s  in density 

indicate an average absolute e r r o r  of 0. 16% with maximum e r r o r s  of 

470 near the critical point. 

a r ea  near the critical point, the density e r r o r s  do not exceed 170). 

Because of the wide use of (8) by 

These comparisons [ 81 for 

(Once again, with the exception of the 
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The purpose of discussing various equations of state was t o  

illustrate some of the methods used for predicting P-V-T data in the 

absence of measured values or to supplement and extend the range of 

tabular data. 

equation a s  introduced by Kamerlingh Onnes in 1901 must also be 

mentioned. With the virial equation, a power ser ies  expansion in 

density with temperature dependent coefficients, Onnes also defined 

functional relations for the first four coefficients which results in an 

equation of state with many coefficients. 

been suggested as a suitable expediency since many attempts to that 

time had failed to produce a satisfactory improvement on the van der 

W a a l ' s  equation. 

theoretical considerations and no equation, theoretical or  empirical, 

has yet been proposed which as a better capability of reproducing 

experimental data. 

se r ies  is that statistical mechanics has provided other means of 

predicting the second, and with more uncertainty, even the third 

virial  coefficient. 

equations of state in the literature for the past 30 years. 

the the oretic ians have concentrated on intermolecular potential and 

partition functions which may in turn be used to calculate the virial 

coefficients, and generally use the second virial coefficient to estab- 

l ish the validity of their theories. 

for the temperature dependence of the second and third coefficients 

is suggested from statistical mechanics. For the dense fluid, how- 

ever ,  many higher order terms a re  necessary which can neither be 

satisfactorily predicted from theory nor be determined from experi- 

mental measurements. 

However, in discussing equations of state, the virial 

This may appear to have 

However, the virial equation is founded on firm 

Perhaps the particular advantage of the virial 

Actually, there have been no significant theoretical 

Instead 

In any event, the functional form 

The fourth and higher order virial coefficients 
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obtained from fitting even the best experimental data available gener- 

ally exhibit no regular temperature dependence. In general, a trun- 

cated virial expansion of three te rms  is only valid for densities less 

than one-half of the critical value. For higher densities, additional 

te rms  must be used which can only be determined empirically ; as  a 

consequence, the theoretical implications a re  of little value. 

The recalculation of thermodynamic properties from the new 

density measurements for parahydrogen [ 7,8] was accomplished 

with the use of polynomial expansions in the form of the virial equa- 

tion. 

points along 39 isotherms. 

by power series expansions of the form, 

The experimental measurements included about 1200 P- p-T 

These isotherms have been represented 

(i + 1) P = R T p  t $ A i p  
1 

( 9 )  

in which the number of coefficients, i, varied from 5 for the 100°K 

isotherm t o  15 for the 3 3 ° K  isotherm. These isothermal polynomials, 

which reproduce the data within the experimental accuracy, were then 

used to calculate pressures along isometrics which in turn were 

fitted by a least squares procedure to the power expansions, 

2 2 
P = A1/T +A2/T + A g  t A4T f A 5 T  . 

A total of 90 isometric polymomials and their first derivatives were 

employed t o  calculate the thermodynamic properties using numerical 

methods for the medium and high density range. 

was employed in the low density range which used a truncated virial 

expansion with three coefficients. 

then approximated by a polynomial expansion of temperature, while 

An alternate method 

The second virial coefficients were 
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the third virial coefficients were represented in three separate tem- 

perature regions by relations selected on the basis of the behavior of 

the first  and second derivatives. 

The compilation of normal hydrogen data by Woolley, Scott 

and Brickwedde [ 5 1  provides further examples of the P-V-T repre-  

sentations for  the calculation of thermodynamic properties which a re  

in contrast to the above example, inasmuch as  this older work was 

accomplished without the benefit of a high speed digital computer. 

Isotherms for temperatures from 56" to 600°K were represented by, 

T 1  P V  
loglo RT T P  0 

r = - -  

as a function of density (F ig .  3). 

form u = b t cp by a least squares determination. A method of 

graphical interpolation was employed to obtain u values as arguments 

of p and T for the isotherms from 56°K to 273°K. 

Data above 273°K were fitted to the 

Isotherms below 56°K were represented by, 

T3/2 

P 
0.0006 p 

as a function of density. This is illustrated in Fig. 4 for data from 

29" to 56°K. Calculations from 14" to 56°K for densities less than 

200 Amagat used the linear relation Q = A t C ' p .  

33°K were incomplete and lacked the precision to determine consis- 

tent isotherms, it was assumed that the linear function between Q and 

p would continue at these lower temperatures for p less than 200 

Amagat. The values of the intercept A were determined by smooth- 

ing the data. 

data in their temperature range and were therefore obtained by an 

extrapolation of the higher temperature data to the lower temperatures. 

Since the data below 

Values of the slope C' could not be obtained from the 
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Fig .  3 P - V - T  data for nH as  given in  [ 51 2 

0 200 400 
p ,  Amagat 

Fig. 4 P - V - T  data for nH2 at low 
temperatures as given i n  [ 51 



. -  
. A  

Graphical interpolations from Fig.  4 were used to obtain values of @ 

with T and p as  arguments for temperatures below 56°K and densities 

greater than 200 Amagat. 

These a re  only a few examples of P-V-T representations which 

have been used successfully for the calculations of thermodynamic 

properties. Other methods, such as the use of "residuals" (where a 

residual is defined as the difference between a value predicted by an 

approximate equation of state and the measured data) as proposed by 

Din [ 351  a r e  particularly useful, especially for graphical procedures. 

Smoothing of data is often accomplished by the inspection of first and 

second differences of tabular data. The literature suggests many 

procedures and techniques, and with the availability of high speed 

digital computers the labors of many of the best methods a re  now 

reas  onable tools for the extensive calculation of thermodynamic 

properties. 

CEL-NBS PROPERTY TABULATIONS 

Reference has been made to  many of the NBS publications on 

Table I summarizes these docu- properties of the cryogenic fluids. 

ments which include tables of thermodynamic properties. 

additional references not previously cited a re  also included. 

of all the documents listed a re  available from the NBS-Cryogenic 

Data Center, Boulder, Colorado. Property charts in these documents 

a r e  also available separately and a re  also noted in Table I. 

A few 

Copies 
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Fluid 

He 

n-HZ 

p-HZ 

Table I .  Summary of NBS Thermodynamic Property Tables for  the Cryogenic Fluids"; 

Temp. 
Range 
"K 

3 - 300 

20 - 300 

20 - 300 

16 - 600 

20 - 300 

1 5  - 100 

1 5 -  100 

1 5  - 100 

Ne 

N2 

Oz 

I 1 - 2 2  

25 - 300 

25 - 300 

30 - 300 

64 - 300 

10 - 77 

5 5  - 300 

30 - 100 

CO 

A 

70 - 300 

87 - 300 

20 - 88 

Pressure 
Range 
atrn 

0.5 - 100 

0.1 - 100 

1 - LOO 
to 1678 

1 - 340 

1 - 340 

1 - 340 

1 - 350 

- 1200 
mmHg 

0.1 - zoo 
0 . 1  - 200 

0. I - 200 

0 .1  - 200 

- 760 
mmHg 

0.1 - 300 

- 1900 
mmHg 

0.1 - 300 

0.1 -1000 

1 0 - l ~  - 819 

Bibliog- 

Refe renc f 
raphy 

Propert ies  lncluded 
- 

P-v-7 

X 
- 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

x 

X 

X 

X 

X 

- 
[, s 

X 
- 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

;at ur at: 01 

X 

X 

X 

X 
X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

Charts 
Included 

T-S, H-S 

P- 2. T-S 

see [ 51 

T-S 

T-S. H-S 

T-S 

T-S 

T-S. P - Z  

P- Z 

T - S  

T-S 

T-S, P-2 

Remarks 

Charts not included, but available 
separately after Dec. 1963 

Above IOO"K, P = 100 atrn. 
max 

Cp, Cv, vel. of sound a r e  included. 

Cv,  C a r e  included 

Saturation and vapor properties 

No tabular data, see [ I1  ] 

Superseded by [ 101.  [ 11 1 

Chart  not included, but available 
separately 

Vapor p re s su re ,  heats of sublima- 
tion and vaporization 

Saturation and vapor properties 

Vapor p re s su re ,  heats of subli- 
mation and vaporization 

xc Available f rom the NBS - Cryogenic Data Center,  Boulder, Colorado 
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